Mixing plays an important role in atmospheric and oceanic flows. It occurs on the small scales, is due to molecular diffusion, and is irreversible. On the other hand, stirring is a kinematic process that enhances mixing but is reversible. Budgets of the available potential energy, which require that the reference potential energy be computed, are used to study these processes. We develop an approach for calculating the available potential energy from the probability density function that is more efficient than existing methods, especially in two and three dimensions. It is suitable for application to both numerical simulations and experiments. A new length scale is defined which quantifies stirring and provides a measure of the strength of overturns resulting from stirring as well as their size. Simulations of lid-driven cavity flow and stratified homogeneous turbulent shear flow provide illustrations of the method. The new length scale is similar to Thorpe scale in lid-driven cavity flow and closely related to the Ellison scale in homogeneous sheared turbulence.
I. INTRODUCTION
Mixing is an important process in density stratified geophysical flows. Energy is extracted from the mean flow through shear production of turbulence while buoyancy stabilizes the flow by converting vertical turbulent kinetic energy into available potential energy ͑APE͒ through stirring. [1] [2] [3] Which mixing mechanisms are active depends on the nature of the external forcing and the stratification. In the open ocean, many mechanisms have been identified. The surface shear stress induced by the wind produces a homogeneous well-mixed layer whose lower boundary is transported downward by entrainment. This situation can be reproduced in the laboratory using oscillating grids and simulated by direct numerical simulation. [4] [5] [6] Turbulent mixing can be created in the ocean by surface and internal wave breaking and by tidal forcing. Our objective in this study is to develop an approach to investigate turbulent mixing qualitatively based on the length scales and energy budgets.
A. Length scales in stratified flows
The strength of mixing in the ocean is partially determined by the length scales of the turbulent eddies. 2, [7] [8] [9] The behavior of a stratified turbulent flow depends on a balance of three types of forces: inertial, buoyant, and viscous. Buoyancy forces act on the largest scales of vertical motion and tend to suppress them. Viscous forces act on the smallest scales and determine their size.
One important scale in the presence of buoyancy is the Ozmidov scale, L O ϭ(/N 3 ) 1/2 where is the kinetic energy dissipation rate and N is the Brunt-Väisälä frequency (N ϭ ͱ Ϫ(g/ ‫ץ)‬ /‫ץ‬z). L O is the largest scale that can overturn so scales larger than L O are dominated by buoyancy.
However, overturning length scales greater than L O can occur when internal waves are present. 6, 10 Waves contribute to the overturning scale but not the Ozmidov scale. 1 If the vertical velocity fluctuations due to internal waves are small compared to those of turbulence, the buoyancy scale L B ϭ(w 2 ) 1/2 /N can be used instead of the Ozmidov scale. 2 Ellison ͑1957͒ 11 proposed an overturning length scale defined by L E ϭϪ rms ‫ץ(/‬ /‫ץ‬z) where rms is the root mean square ͑rms͒ density fluctuation. L E is a typical vertical distance travelled by a fluid particle before beginning to return to its equilibrium level or mixing.
Another commonly used scale is the Thorpe scale, L T ; 12 it is obtained by reordering the density profile into a stable monotonic profile. Thorpe's method is useful when the sampled data is on a single vertical line or when the flow is horizontally homogeneous. Let the vertical density profile have N layers, the jth of which has density j and depth Z j . If this layer must be moved to depth Z k to generate a stable profile then its Thorpe displacement is d j ϭ(Z j ϪZ k ). Typically, these displacements are computed using a bubble sort. For large data sets, quicksort can be used instead. On average it is the fastest known sorting algorithm. An illustration of the sorting process is given in Fig. 1 . The Thorpe scale L T is defined as the rms of the displacements
. ͑1͒
L T is proportional to the mean eddy size provided that the horizontal density gradient is much smaller than the vertical gradient. Thus it is an overturning scale. Thorpe displacements are useful in estimating vertical mixing. 13 Strongly mixing flows are characterized by large displacements that are negative at the top of the domain and positive at the bottom. The sorted state is a reference state of minimum potential energy ͑Fig. 1͒. A strong correlation between L T Winters et al.
3 gave a precise, three-dimensional ͑3D͒, mathematical sorting method. However, the definition of the Thorpe scale in three dimensions is ambiguous. Since L T is computed by reordering each individual vertical density profile, most researchers define L T in 3D as the rms of the onedimensional ͑1D͒ Thorpe displacements.
2 One can also define a three-dimensional version of Thorpe scale, L T 3D , which is computed using the location, Z * of the particle when horizontal as well as vertical displacements are allowed. 3 It is the rms of the vertical component of these displacements (z(x,t)ϪZ * (x,t)) over the domain. L T is a measure of vertical overturning only, while L T 3D is a measure of scalar displacements in general.
14 Internal waves may affect L T 3D but not L T but, otherwise, the differences are usually small.
Inertial forces are balanced by viscous effects at the Kolmogorov scale, L K ϭ( 3 /) 1/4 .
B. Mixing and stirring
Mixing and stirring are distinct processes. Stirring is a mechanical process that brings fluids of different densities into contact through the action of strain and vertical motion, thus converting kinetic energy into potential energy. After the fluid has been stirred, it may mix or re-stratify through gravitational settling. Mixing is the process of diffusion across interfaces to produce fluid of intermediate density and is an irreversible process.
The concepts of mixing and stirring have been studied by several groups. [16] [17] [18] However, accurate distinction between them in experiments is not easy. Aref and Jones 17 investigated reversible chaotic advection and irreversible diffusion via numerical experiments. Broadwell and Mungal 16 discussed scalar mixing in turbulent shear layers and jets using experimental results. They considered large-scale entrainment, stirring at the large scales, and diffusional mixing at the small scales. Diffusion acts over a longer interface in a stirred and stretched blob than in an unstirred one. On the other hand, Rehmann 18 applied scaling analysis to estimate mixing and investigated Schmidt number effects on the mixing efficiency in towed-grid turbulence experiments. If ␥ is the ratio of the mixing time to the decay time of the turbulence, little mixing occurs when ␥ӷ1 as a stirred fluid parcel returns to its original position before the density difference can diffuse away. When ␥Ӷ1, a stirred parcel immediately loses its identity by mixing with the surrounding fluid. His scaling analysis of the effects of the Richardson, Reynolds, and Schmidt number agrees well with previous experiments. 9, 16, 18 Many other observations show that molecular diffusion plays a non-negligible role in turbulent stratified flows. 9, 19, 20 However, there is disagreement on how the diffusivity affects turbulent mixing. Ivey and Imberger 9 suggested that molecular diffusivity plays a significant role when ScϽ1 and the density fluctuations are rapidly dissipated. Some laboratory experiments and numerical simulations support this hypothesis. According to Ivey and Imberger, 9 experimental results show a peak flux Richardson number, R f , in air ͑Scϭ0.7͒ that is about 20% lower than that in saltwater ͑Scϭ700͒. Their measurements in heated water ͑Scϭ7͒ agree with the saltwater result. Itsweire and Helland ͑1989͒ 21 found that scales smaller than 3L K do not contribute to the vertical mass flux. Other results suggest that diffusivity contributes to mixing greatly even when ScϾ1. Holt et al. 1 found that the vertical mass flux decreases from Scϭ1 to Scϭ4. Other researchers proposed a critical Peclet number ͑PeϭReSc͒ 19 or a critical Richardson number Ri, which could depend on Pe and Sc. 22, 23 The entrainment rate is thought to be dominated by the molecular diffusivity below a critical Pe or above a certain Ri. In addition to the Peclet number, Breidenthal ͑1992͒
24 considered the effects of the Schmidt, Richardson, and Reynolds numbers on entrainment at stratified interfaces. The effect of molecular diffusivity is still not completely clear. In this study, we will explore the molecular diffusivity effect in lid-driven cavity flow and homogeneous sheared turbulence.
C. Potential energy budgets
Molecular diffusion causes irreversible diapycnal mixing, increasing the reference potential energy. The latter is the potential energy of a state created by allowing the stirred fluid to settle reversibly to its lowest potential energy state; it was first introduced by Lorenz. 25 The rate of increase of the Winters et al. 3 derived a dynamic evolution equation for the APE of a Boussinesq fluid. Their analysis carefully distinguishes the total potential energy and the reference potential energy and is useful for evaluating irreversible diapycnal mixing rates in turbulence simulations.
The purpose of this study is to develop a method for evaluating the available potential energy through a probability density function ͑pdf͒ approach and to quantify diabatic mixing and stirring in terms of the available potential energy. This leads to a natural relationship between the APE and a length scale. The pdf approach is an efficient method for evaluating the reference potential energy in both numerical simulations and experiments and can easily be extended to more complicated flows. The length scale defined below characterizes vertical overturns produced by stirring events.
The rest of the paper is organized as follows. Section II describes the new pdf approach for calculating the APE and defines the new length scale. Section III applies the pdf approach to 2D lid-driven cavity flow and studies the effects of the nondimensional parameters on it. Section IV investigates the new length scale in homogeneous sheared turbulence and relates it to other length scales. Finally, the results are summarized and discussed in Sec. V.
II. THE PDF APPROACH FOR ENERGETIC ANALYSIS
In this section, we introduce the basis for the pdf approach and the new length scale. This approach is related to the one presented by Winters et al. 
A. The pdf method
An important task in studying the energetics of oceanic circulation is the evaluation of the available potential energy ͑APE͒, the difference between the actual total potential energy ͑TPE͒ and the potential energy of a reference state ͑RPE͒. The reference state is the one with minimum potential energy that can be obtained through the adiabatic redistribution of the density: 3 
APEϭTPEϪRPE. ͑2͒
APE represents the part of the potential energy that is available for conversion into kinetic energy during adiabatic readjustment. The total potential energy in a cylindrical domain of volume V is
where is the density of the fluid and z is the vertical spatial coordinate. Note that ϭ(x,t).
We next relate APE to the pdf. Let be the independent density variable in probability sample space, ͓ m , M ͔, where m and M are the minimum and maximum values of the density. The probability of density in the range between and ϩd is P( )d . P( ) may be defined in terms of the volume integral of a delta function
͑4͒
Let us define Z r () to be the height of fluid of density in the minimum potential energy state and let dZ r be the thickness of the layer containing fluid of density between and ϩd . We use the notation Z r () in order to distinguish the pdf reference state from the spatial reference state, Z * (x). If we assume that all fluid layers have the same horizontal surface area A, the volume occupied by this fluid is
If the domain is not cylindrical, the horizontal cross section A is a function of the vertical coordinate. Note that is a dummy ͑independent͒ variable in probability space. The reference state profile Z r () can be obtained by integrating ͑5͒ over :
where HϭV/A is the height of the domain. The RPE can be written as
We can express the reference density profile as a function of the reference coordinate Z r , i.e., (Z r ). The reference potential energy then becomes
The calculation of the APE thus consists of the following steps. The density field is scanned and the fluid in each control volume is put into a bin. At the end of the scan, the normalized number of control volumes in each bin gives the pdf. Equation ͑6͒ is then used to compute Z r (). Finally, Eq. ͑7͒ gives the RPE. As the TPE can be computed during the scan, we have enough information to compute the APE. This process is much more efficient than the sorting process used by Ref. 3 , especially in two and three dimensions. It is easily applied to field or laboratory data.
The extension of the pdf approach to an arbitrary domain with complex geometry is straightforward. Z r () can be obtained directly from
where A(z) is the horizontal section area instead of constant section area A.
In order to ensure accuracy in calculating the RPE, we employed an adaptive mesh in probability sample space, which allows for the possibility of delta functions in the initial density pdf, i.e., large amounts of fluid near the maximum and minimum densities ͓Fig. 2͑a͔͒. Specifically, we use a Chebyshev transformation for discretizing the sample space instead of a uniform grid when the program detects a steep density gradient near the upper or lower bound of the probability space. When the probability is highly concentrated near M , the mesh near the boundary is chosen such that x j ϭdx cos( j ), j ϭ0, . . . ,/2, and dx is the uniform mesh used in the other regions. Since it gives a finer grid near the boundaries, Chebyshev transformation is a good choice for discretizing the pdf.
B. Comparison with the existing approach
A method for calculating the APE was given by Dillon and Park 26 and Oort et al. 27 based on the quasigeostrophic approximation. Winters et al. 3 used the volume integral approach. In this section, we compare the current pdf approach with the common method developed by Winters et al. 3 for calculating the reference potential energy.
For the case of the constant horizontal section, the reference state height Z r () is the height of the water column times the cumulative pdf in space of Z * (x,t) defined in Ref.
3:
where H is the Heaviside step function
͑11͒
The most popular method of calculating the reference state Z * is to sort the density field and interpolate it onto a fixed vertical grid. On the other hand, having the cumulative probability distribution, we can directly obtain spatial reference state, Z * (x,t), from Z r (). Note that the spatial reference state is the vertical location in the sorted fluid occupied by a parcel found at (x,t) in the unsorted fluid.
Let us compare the CPU-time required to calculate the reference potential energy by the pdf approach and the method of Winters et al. 3 in two-dimensional ͑2D͒ lid-driven cavity flow and 3D homogeneous sheared turbulence ͑Table I͒. The difference in the computed values of the RPE is O(10 Ϫ4 ) in lid-driven cavity flow and O(10 Ϫ3 ) in homogeneous turbulence and is primarily due to the discrete grid used in the pdf method ͑Fig. 3͒. The time is normalized by T c ϭ 0 U lid 3 /L c in lid-driven cavity flow and dimensionless shear time S t is used in homogeneous turbulence. When the grid count is large, the pdf analysis requires less calculation and is simpler to program. In calculating the reference state Z * by the method of Winters et al., 3 the CPU time is proportional to the total number of grid points in the physical domain (N 2 in two dimensions͒. For the computation by the pdf method, it depends only on how the pdf is discretized in probability density space. The savings are significant for large grids. The pdf approach is easily extended to the threedimensional case as shown in Sec. IV and the computational cost savings are much larger ͑Table I͒.
C. Stirring length scale "L S …
From the available potential energy defined above, a vertical stirring length scale L S can be defined for a two-layer stratified fluid:
where gЈϭg⌬/ 0 is the reduced gravity and ⌬ is the difference between the maximum and minimum densities in the domain at any time. L S can be regarded as a density weighted displacement.
In continuously stratified fluids, the expression for L S can be rewritten in terms of the background buoyancy frequency N:
The length scale L S is clearly a measure of stirring and is affected by both overturning and the strength of the density fluctuations. In turbulent flows, the APE can be replaced by the fluctuating APE. L S can be interpreted as the size of a turbulent patch generated by stirring but, as it is affected by the intensity of the density fluctuations, it is a kind of density weighted Thorpe scale. In the ocean, the stirring length scale usually cannot be measured directly and is usually approximated by the Thorpe scale. 26 The current energy budget analysis provides a way to fill this gap.
III. APPLICATION TO LID-DRIVEN CAVITY FLOWS
We shall use two flows to illustrate the pdf method for the available potential energy. First we consider initially stratified two-dimensional lid-driven flow in a square cavity. Then we shall look at homogeneous sheared stratified turbulence.
A. Numerical simulation of lid-driven flow
Lid-driven cavity flow is often used to test numerical methods. The governing equations for an incompressible, stratified flow are those of conservation of mass, momentum, and the density. The Boussinesq approximation is adopted:
These equations apply to both two-and three-dimensional flows, but we will consider only the two-dimensional case. The Reynolds number is
where ϭ 0 ϩЈ, 0 is the constant reference density, g i is the gravity acceleration in the x i direction, L c is the width of the cavity, is the kinetic viscosity, and ␣ is the molecular diffusivity. The Schmidt number is Scϭ ␣ . ͑18͒
A nonuniform Cartesian grid and a collocated arrangement for all of the variables is used 29 on a 128ϫ128 grid. The boundary conditions for the velocity are no-slip at all of the walls. In addition, no mass or heat flux is allowed at the walls. The lid velocity (U lid ) is constant and the initial velocity is zero in the cavity. 30 The velocity fields are obtained using the finite volume ͑FV͒ approach, the details of which are given in Hortmann et al. 29 and Ferziger and Perić. 31 The density transport equation is discretized using a finite difference ͑FD͒ approach and solved using an approximate factorization scheme. We apply the Crank-Nicolson method for time advancement and second order central differencing in space. The scheme is unconditionally stable, but large time steps may produce oscillations so we use a time step of O(10 Ϫ2 ). The initial density field is a two-layer stratified flow with the density profile
where z 1/2 is the vertical midpoint and is the mean density. Typical density contours are shown in Fig. 4 for Reϭ2 ϫ10 3 and Scϭ0.5.
B. Energy budgets
We apply the pdf method to the lid-driven cavity flow. Figure 5 shows the evolution of the total potential energy, reference potential energy, and available potential energy for Reϭ1ϫ10 3 and 2ϫ10 3 ; Scϭ1 in both cases. As expected, the available potential energy is larger in the higher Reynolds number case due to more energetic stirring. The APE and TPE are almost equal at small times (t/T c Ͻ7 for Re ϭ1ϫ10 3 and t/T c Ͻ10 for Reϭ2ϫ10 3 ) because there has not been enough time for mixing to occur. In the final steady state, most of the potential energy is in the form of RPE, i.e., the fluid is almost completely mixed.
The pdfs of the initial and evolved states for Reϭ2 ϫ10 3 are shown in Fig. 2͑a͒ . The reference potential energy states Z r () are shown in Fig. 2͑b͒ .
Winters et al. 3 derived the dynamic equations for total potential energy and reference potential energy for a Boussinesq fluid. The former is
where u and b are the density on the top and bottom surfaces, respectively. The first term represents the contribution of the convective flux at the boundaries of the domain. The second term is due to the diffusive mass flux at the boundary. Both of these are zero in the cavity flow. The third term is the exchange between kinetic energy and potential energy due to the buoyancy flux ͑a reversible process͒. The fourth term is the rate of potential energy increase due to diapycnal mixing. The evolution of reference potential energy is governed by   FIG. 4 d dt
Z * is the reference state defined in Ref.
, the third term can be expressed in terms of ϪdZ * /d. The first two terms, which are the contributions of convective and diffusive transfer across the boundary, are zero in the cavity flow. The third term represents the rate of increase of the potential energy in the reference state due to mixing and is positive definite. An evolution equation for the pdf could also be derived. However, the resulting equation involves the time derivative of ͑6͒, leading to the occurrence of a conditional velocity at the boundary so a joint-pdf approach is needed to obtain a dynamic equation for the RPE. This will make the computation costly. 32 The rate of change of the available potential energy is governed by
where the diapycnal mixing
2 dV is always positive. ⌽ I is the second term of ͑22͒ and is the rate of conversion of kinetic energy to potential energy. 3, 28 The contributions of the instantaneous rate of diapycnal mixing ⌽ D , vertical buoyancy flux (⌽ B ), and internal energy (⌽ I ) to the APE are shown in Fig. 6 . Before the densities at the top and the bottom begin to change, the contribution from diapycnal mixing (⌽ I ) is con- 
FIG. 7. Comparison of length scales
, and L T max at ͑a͒ Sc ϭ0.5, Reϭ1ϫ10 3 , ͑b͒ Scϭ2, Reϭ1 ϫ10 3 , ͑c͒ Scϭ0.5, Reϭ2.5ϫ10 3 , and ͑d͒ Scϭ2, Reϭ2.5ϫ10 3 . L T max is the maximum Thorpe displacement ( -:
stant ͓for t/T c р7 in Fig. 6͑a͒ , t/T c р9 in Fig. 6͑b͔͒ . The exchange between kinetic energy and TPE, ⌽ B , varies considerably. It is of the same magnitude as ⌽ D initially and decreases as the flow evolves.
The diapycnal mixing rate, ⌽ D , also increases substantially as expected ͓t/T c ϭ0ϳ13 in Fig. 6͑a͒ , t/T c ϭ0ϳ17 in Fig. 6͑b͔͒ . After some time, the buoyancy flux is nearly zero due to the disappearance of density fluctuations. However, diapycnal mixing continues and the RPE increases at all times. L S increases slightly with Schmidt number ͓Fig. 8͑a͔͒. Since a smaller diffusivity cannot smooth out density differences as effectively, stronger density fluctuations occur at high Sc, i.e., there is more stirring. This is reflected in L S but not in L T . This does not necessarily imply higher mixing efficiency. The effect of molecular diffusion on mixing efficiency is discussed below.
C. Length scale and mixing efficiency in lid-driven cavity flow
Because it is density weighted, L S quantifies stirring more reliably than L T or L T 3D . The length scale ratio L S /L T 3D in Fig. 8͑a͒ shows that there is more energetic stirring occurs at high Re and Sc. Figure 8͑b͒ shows that the ratio of L T /L T 3D is very close to unity except during the initial transient. The deviation early on occurs because L T is a measure of overturning while L T 3D a better measure of stirring. 14 The dependence of the maxima of L S and L T 3D on Re and Sc is presented in Figs. 9 and 10. Figure 9 shows that the maximum of L S ͑lower lines͒ is roughly proportional to Re 1/4 but the maximum of L T 3D ͑upper lines͒ is almost indepen- . We do not want to overemphasize the significance of these results as they are for a laminar flow. However, the results do show that L S quantifies stirring better than L T 3D . Note that L S is uniquely defined, as is L T 3D , while the conventional Thorpe scale L T may depend on the sampled locations.
Mixing in stratified flows is usually quantified by the down-gradient buoyancy flux. The mixing efficiency, , is defined as the ratio of buoyancy flux to the energy available for mixing. 6, 9 However, during transients or in the presence of counter-gradient fluxes, the mixing efficiency is better defined in terms of the irreversible mixing rate, 3 i.e., the portion of kinetic energy used to alter the reference potential energy. Thus the mixing efficiency is
where ⌬RPE is the change in the reference potential energy and ⌬KE is the kinetic energy input due to the top lid and is obtained by integrating the product of shear stress and lid velocity on the top. This definition gives a time-dependent mixing efficiency that satisfies 0рр1. The effects of Schmidt and Reynolds numbers on the mixing efficiency in lid-driven cavity flow are demonstrated in Figs. 11͑a͒ and 11͑b͒ . Figure 11͑a͒ shows the mixing efficiency for different values of Sc at Reϭ2.5ϫ10 3 . The maximum mixing efficiency M increases as Sc decreases; in fact, M ϳSc Ϫ1/2 ͑Fig. 12͒ as suggested by the following scaling analysis. For an individual fluid parcel, the mixing efficiency can be defined as the ratio of the mixed fluid volume to total volume. The mixed fluid volume changes due to diffusion. The mixing efficiency should be proportional to l/D where l is the diffusion length scale ͓lϷ(␣t) 1/2 ͔ and D is the dimension of the parcel. Therefore, the mixing efficiency is proportional to the square root of molecular diffusivity ␣ (Sc
Ϫ1/2
). These results are consistent with previous studies of low Reynolds number flow. 1, 20 In the lid-driven cavity, the maximum mixing efficiency occurs just after the vertical length scales (L S ,L T ,L T 3D ) reach their maxima.
The effect of Reynolds number on the mixing efficiency is illustrated in Fig. 11͑b͒. Figure 11͑b͒ shows results for different values of Re at Scϭ1. The maximum mixing efficiency does not depend significantly on Re. However, the Reynolds number does affect the mixing efficiency at longer times. Higher Re implies greater stirring and generation of a stronger vortex. The stronger vortex induces more mixing and the mixing event lasts longer ͓Fig. 11͑b͔͒.
IV. APPLICATION TO 3D STRATIFIED TURBULENCE
Homogeneous turbulence subjected to shear and stratification is the simplest flow in which most of the major phenomena found in geophysical turbulence occur. Thus, we apply the pdf approach to calculate its APE and compare the stirring scale (L S ) with other length scales.
A. Homogeneous sheared turbulence
There have been many studies of homogeneous stratified turbulence.
1,33-36 Rohr et al. 34 conducted laboratory experiments on this flow and found a stationary Richardson number Ri s Ϸ0.25. The turbulent energy grows when RiϽRi s ͑weak stratification͒ and decays when RiϾRi s ͑strong stratification͒. As expected, Ri measures the relative effect of shear and buoyancy. The length scales L O , L E , and L T are highly correlated with the turbulence intensity in homogeneous sheared turbulence. Holt et al. 1 demonstrated the existence of a stationary Richardson number using direct numerical simulation, gave its dependence on Reynolds number, and suggested that its value is independent of the initial dimensionless shear rate and increases with increasing Re. Piccirillo and Van Atta 35 investigated the turbulence evolution in a homogeneous stratified shear flow using a thermally stratified wind tunnel and found a decrease of Ri s with increasing grid size and thus increasing Reynolds number. Jacobitz et al. 36 performed numerical investigations to explain the apparently different dependence of Ri s on the Reynolds number and proposed that in sheared and stratified homogeneous turbulence, the stationary Richardson number depends on both the Reynolds number and the initial dimensionless shear rate of the flow. Finally, a series of direct numerical simulations were performed by Shih et al. 37 over a range of initial Reynolds numbers ͑Re͒ and dimensionless shear rates (S*). They found that the final shear rate S*Ϸ11 does not depend on initial shear rate at high Re and varies at low Re, in agreement with the results of Jacobitz et al. 36 Also, the dependence on Re is better correlated using a turbulent Froude number. 6, 9, 37 
B. Numerical simulations
In this study, we investigate the energy budgets and length scales in homogeneous stably stratified turbulent flow. 1, 37 The governing equations are the same as those for lid-driven cavity flow ͓Eqs. ͑14͒, ͑15͒, and ͑16͔͒. However, the density is ϭ ϩЈ ( ϭ 0 ϩS x 3 ) , where is the mean density and Ј is the fluctuating density. The mean density is composed of a constant reference density 0 and a specified mean density gradient (S is a constant͒, x 3 is the vertical coordinate. The velocity is decomposed as
where U ī is the mean velocity and u i Ј is the fluctuating velocity. The mean velocity U ī ϭ(Sx 3 ,0,0), where S ϭdU 1 /dx 3 is the specified mean shear rate. The microscale Reynolds number is Re ϭ q 11;1 , ͑25͒ where 11;1 is the Taylor microscale ( i j;k ϭu i Ј/u j,k Ј , where primes denotes root mean square quantities 1 ͒ and q is the root mean square velocity.
The strength of the stratification is indicated by the gradient Richardson number
where Nϭ͓Ϫ (g/ ) ‫ץ(‬ /‫ץ‬z)͔ 1/2 is the Brunt-Väisälä frequency. Ri is constant in each simulation. Other parameters are identical to those used previously. The gravitational acceleration is (gϭ980.7 cm/s 2 ) and reference density ( 0 ϭ1.006 g/cm 3 ) are not varied in this study. The code solves for the three-dimensional velocity and density fields using second order Runge-Kutta time advancement and periodic boundary conditions for all of the turbulent quantities. The scheme is based on the pseudospectral method developed by Rogallo et al. 38 A 128ϫ128 ϫ128 grid is used in this study and the stretching factors ␤ 1 ϭ0.63 and ␤ 2 ϭ␤ 3 ϭ1.26 are used to map the physical domain onto a cubic box of length 2, which allows for the shear-induced growth of the integral scales in the streamwise direction. 38 Details of the numerical method are given in Holt et al. 1 and Shih et al. 37 Aliasing error is avoided by using masking and random phase shifting. 38 This method results in a residual aliasing error of the same order as the error due to the time advancement scheme.
The initial energy spectrum is a k 2 -exponential spectrum:
where C is a constant and k p is the wave number at the peak of the spectrum. Shih et al. 37 showed that the results obtained with this initial spectrum are very similar to those obtained by Jacobitz et al. 36 We shall investigate the effects of the Richardson, Reynolds, and Schmidt numbers. A reference case ͑case fc͒ is chosen; it is a stationary turbulence run of Shih et al. 37 with Riϭ0.16, Re ϭ89.4, Scϭ0.72 and will be compared with other simulations. Shih et al. 37 suggested that the initial shear rate is significant at low Reynolds number. In order to include the influence of initial shear rate, the initial dimensionless shear rate, S*ϭSq 2 /⑀, is 4 except in two low Reynolds number runs. The parameters of these simulations are summarized in Table II .
C. Characterization of the state of the turbulence and turbulent length scales
Active turbulence occurs at low Ri and is a state in which buoyancy forces are weak compared to inertial forces and do no prevent overturning and mixing. At high Ri, turbulence is suppressed by buoyancy on all scales. We are interested in the behavior of the stirring scale L S and its comparison with other length scales in these flows.
It is well known that for RiϽRi s , L O , L E , and L T grow when the flow is fully developed. Buoyancy controls the growth of the largest turbulent eddies. Active turbulence exists at the large scales. ͔. The correlation is easily demonstrated for a single overturning particle, but it is more difficult to explain in two and three dimensions. It is interesting to note that L S is proportional to L T 3D , probably because the density fluctuations are the same ͑in a statistical sense͒ everywhere in the flow. Strong shear reduces both the stirring and Thorpe scales at low Reynolds number. The shear rate does not have a significant effect on the length scales.
The comparison of L S and L E is shown in Fig. 14 . L S is linearly correlated with L E in all cases. That this should be so for homogeneous turbulence can be demonstrated as follows. Consider a particle whose density is greater than the reference density at its vertical position by ␦. Then (z ϪZ * ) can be approximated by (‫ץ‬Z * ‫.␦)ץ/‬ The fluctuating available potential energy ͑FAPE͒ is the volume integral of Јg(zϪZ * ) for the whole domain (Ј is the density fluctuation͒ and can be related to L E by 40, 2 There is some disagreement as to the physical interpretation of this quantity. Some researchers refer to it as a buoyancy-based Reynolds number 2, 14 while others refer to it as a small scale Froude number 8, 9 and still others consider it a mixed parameter. 40 We believe that, because it contains both the viscosity and the buoyancy frequency, the last interpretation is to be preferred.
Active turbulence is supposed to be present only when ⑀/N 2 exceeds a certain critical value (Ϸ20). We show the ratio L S /L I vs ⑀/N 2 in Fig. 15 , where L I is the integral scale of the turbulence and is defined as the average of the diagonal integral scales; i.e., cept those from the high Ri and low Re simulations in which the turbulence undergoes a transition from active to buoyancy dominated. Turbulence is completely suppressed in the high Ri simulation and L S decays. Thus, L S and L I are comparable in the active turbulence region. In the transition from active to buoyancy-dominated turbulence there is an intermediate region in which there is a mix of active and fossil turbulence. The region was called buoyancy-controlled by Itsweire et al. 2 and, in it, the turbulence is not in equilibrium; in fact it decays. The onset of buoyancy control occurs at ⑀/N 2 Ϸ60 according to Fig. 15 . We thus see that the length scale (L S ) can be used as an indicator of the state of the turbulence. Finally, we note that L S does not change significantly in stationary turbulence (RiϭRi s ) and increases slightly as Sc increases ͑Fig. 15͒. Figure 16 shows the ratios of L S /L B and L S /L O vs ⑀/N 2 . The trends are similar since L B and L O are very close except in cases in which internal waves dominate so they can be used interchangeably as long as the turbulence is active. L S and L B are roughly equal when ⑀/N 2 Ͻ100 at high Reynolds number, as has been shown in laboratory experiments and ocean measurements. 40 Since L B represents the rms vertical distance that a particle with the rms kinetic energy can travel, it also is an indicator of the vertical kinetic energy of the turbulence. 39 On the other hand, L S measures the available potential energy. Thus, L B must be large before L S can grow. Physically, kinetic energy is converted into potential energy until L S and L B are comparable. This point is referred to as a buoyancy-inertia transition by Gibson 41 and Yamazaki. 40 In low Re simulations, L S departs from L B at small ⑀/N 2 ͑the critical value of ⑀/N 2 is around 20 and 10 for Reϭ44 and 22, respectively͒. The departures mark the beginning of buoyancy-controlled turbulence. The parameter ⑀/N 2 reflects the influence of Reynolds number and is thus a good correlation parameter ͑Fig. 16͒.
V. DISCUSSION AND CONCLUSIONS
In this study, we investigated energy budgets and mixing through the analysis of available potential energy. A probability density function approach was introduced and used to efficiently calculate the available potential energy. The pdf method is equally well suited for numerical and experimental determination of the APE and is more efficient than sorting methods. We also proposed a new length scale (L S ) that is a generalized density-fluctuation weighted Thorpe scale. This length scale has a clear physical interpretation and is a reliable parameter for gauging the strength of stirring. It is easy to obtain once the reference potential energy has been computed.
Lid-driven cavity flow and homogeneous sheared turbulence were used to illustrate the proposed method. More stirring occurs as Re increases but molecular diffusivity has little effect on it. The effect of Re on L S is more significant than the effect of Sc, but the latter has a strong influence on mixing. Thus, Sc affects the mixing efficiency more than the Reynolds number does. The maximum mixing efficiency is proportional to Sc Ϫ1/2 in lid-driven cavity flow. The dependence on Re is mainly due to the enhancement of stirring.
In homogeneous sheared turbulence, the Richardson and Reynolds numbers are the important parameters. Higher Ri and lower Re reduce the stirring scale. As Sc increases, L S increases. However, the effect is not as significant as it is in the lid-driven cavity flow. The new length scale (L S ) exhibits the same behavior as the Ellison and 3D Thorpe scales but is superior to those scales for characterizing the turbulent eddies because it is weighted with the density fluctuations. In addition, it is affected by internal waves and is a global mea- sure of stirring rather than a local one like L E . This length scale also provides a criterion for determining the state of turbulence. Comparison of these length scales in inhomogeneous flows is an interesting topic for further study.
